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$ 5D\OHLJK3OHVVHWOLNH HTXDWLRQ LV GHULYHG WR PRGHO WKH UDGLDO RVFLOODWLRQ RI D FRQWUDVW DJHQW PLFUREXEEOH
DWWDFKHGWRDQHODVWLFZDOO7KHGHULYHGHTXDWLRQVKRZVWKDWFRQWDFWZLWKWKHZDOODIIHFWVWKHEXEEOHRVFLOODWLRQDV




GHVFULEHG E\ WKH0DUPRWWDQWPRGHO DQG WKH SURSHUWLHV RI WKHZDOO FRUUHVSRQG WRZDOOV RI2SWL&HOO FKDPEHUV
FRPPRQO\ XVHG LQ H[SHULPHQWV ,W KDV EHHQ IRXQG WKDW FRQWDFW ZLWK WKH ZDOO FDQ FRQVLGHUDEO\ FKDQJH WKH






DV ZDOOV RI H[SHULPHQWDO FRQWDLQHUV DQG EORRG YHVVHOV
([SHULPHQWDO GDWD VKRZ WKDW WKH SUR[LPLW\ RI ERXQGDULHV
FDQSURGXFHFRQVLGHUDEOHFKDQJHVLQWKHDFRXVWLFUHVSRQVH
RIDFRQWUDVWPLFUREXEEOH>@)RUH[DPSOH*DUELQHWDO
>@ REVHUYHG WKDW WKH RVFLOODWLRQ DPSOLWXGH RI D %5
PLFUREXEEOH %UDFFR 5HVHDUFK 6$ *HQHYD 6ZLW]HUODQG
ZDV VXSSUHVVHG E\ PRUH WKDQ  QHDU WKH ZDOO RI DQ
H[SHULPHQWDO 2SWL&HOO FKDPEHU %LR&U\VWDO /WG
:HVWHUYLOOH 2+ 7KHRUHWLFDOO\ KRZHYHU WKH HIIHFW RI D
ERXQGDU\RQWKHG\QDPLFVRIDFRQWUDVWPLFUREXEEOHLVVWLOO
DOLWWOHVWXGLHGSUREOHP$VDPDWWHURIIDFWPRVWDYDLODEOH
WKHRUHWLFDO PRGHOV DUH UHVWULFWHG WR WKH LQWHUDFWLRQ RI D
EXEEOHZLWKDULJLGZDOO>@,QPRGHOVFRQVLGHULQJRWKHU
W\SHV RI ERXQGDULHV >@ LW LVDVVXPHG WKDW WKH GLVWDQFH
EHWZHHQ WKH EXEEOH DQG WKH ZDOO LVPXFK ODUJHU WKDQ WKH
UDGLXVRIWKHEXEEOH
7KH SXUSRVH RI WKH SUHVHQW VWXG\ LV WR UHYHDO KRZ
FRQWDFWZLWKDERXQGDU\FKDQJHVWKHDFRXVWLFUHVSRQVHRID
FRQWUDVWPLFUREXEEOH7R WKLV HQG D5D\OHLJK3OHVVHWOLNH
HTXDWLRQLVGHULYHGWKDWGHVFULEHVWKHUDGLDORVFLOODWLRQRIDQ
HQFDSVXODWHG EXEEOH DWWDFKHG WR DQ HODVWLF ZDOO 7KLV
HTXDWLRQ LV WKHQ XVHG LQQXPHULFDO VLPXODWLRQV LQ RUGHU WR













D YLUWXDO EXEEOH LV LQWURGXFHG DVVXPLQJ WKDW WKH PRYLQJ
FHQWHURIWKLVEXEEOHLVDWWKHVDPHGLVWDQFHIURPWKHOLTXLG
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 ¦  E
+HUH 3Q LV WKH /HJHQGUH SRO\QRPLDO DQG G   5 LV WKH
GLVWDQFH EHWZHHQ WKH EXEEOH FHQWHUV (TXDWLRQV E DQG
E DUH XVHG WR VDWLVI\ WKH ERXQGDU\ FRQGLWLRQV RQ WKH
EXEEOHVXUIDFHV7KHIXQFWLRQVEQDQGEQFDQEHH[SUHVVHG
LQWHUPVRIDQDQGDQE\XVLQJPDWKHPDWLFDOLGHQWLWLHVWKDW
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QP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7KH IXQFWLRQVDQ
DQG DQ DUH IRXQG XVLQJ WKH ERXQGDU\ FRQGLWLRQV IRU WKH
QRUPDOFRPSRQHQWRI WKH OLTXLGYHORFLW\DW WKHVXUIDFHVRI
WKHEXEEOHVZKLFKDUHZULWWHQDV
 FRV DW  / M M M M M
M
5 [ U 5 W
U
M Tw    
w
   
ZKHUH WKH RYHUGRW GHQRWHV WKH WLPH GHULYDWLYH DQG [MW LV
WKHSRVLWLRQRI WKHPRYLQJFHQWHURI WKH MWKEXEEOH RQ WKH
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7R ILQG İ WKHQRUPDO IRUFH EDODQFH RQ WKH OLTXLGZDOO
LQWHUIDFHLVXVHG
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
ZKHUHS/LVWKHWLPHYDU\LQJSUHVVXUHLQWKHOLTXLGDQGı]]LV
WKH QRUPDO FRPSRQHQW RI WKH VWUHVV WHQVRU RI WKH ZDOO
PDWHULDOJLYHQE\>@
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WKH/DJUDQJLDQ IRUPDOLVP5HFDOO WKDW WKH SUHVHQFH RI WKH
HODVWLF ZDOO LV UHSODFHG ZLWK WKH SUHVHQFH RI D YLUWXDO
EXEEOH $V D UHVXOW ZH JHW WKH V\VWHP RI WZR EXEEOHV
VXUURXQGHG E\ DQ LQILQLWH OLTXLG LGHQWLFDO WR WKH OLTXLG






7 G9U M ³   





    

 FRV VLQ/ / U 57 5 5 G
S
SU M T T T
 




    

 FRV VLQ/ / U 55 5 G
S
HSU H M H T T T  ³  
7KHFDOFXODWLRQRI(T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58 5 3 5 3 3 3SS Hª º ª º     ¬ ¼ ¬ ¼ 
ZKHUH 3 DQG 3 DUH SUHVVXUHV WKDW GR ZRUN RQ WKH UHDO
EXEEOHDQGRQ WKHYLUWXDOEXEEOH UHVSHFWLYHO\7KHYLUWXDO
EXEEOH LV DVVXPHG WR H[SHULHQFH WKH VDPH SUHVVXUH
DPSOLWXGH LH _3_ _3_ EXW WKH SUHVVXUH VLJQ FDQ EH
RSSRVLWH,IWKHEXEEOHVSXOVDWHLQSKDVHİ!DQG3 3
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,I WKH\ SXOVDWH RXW RI SKDVH İ   DQG 3   í3 $V D
FRQVHTXHQFH(TEHFRPHV
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ZKHUH3* LV WKH HTXLOLEULXP JDV SUHVVXUH LQVLGH WKH UHDO
EXEEOHȖ LV WKHUDWLRRI VSHFLILFKHDWVRI WKHJDVȘ/ LVWKH
VKHDUYLVFRVLW\RI WKH OLTXLG3LV WKHK\GURVWDWLFSUHVVXUH
LQ WKH OLTXLG3DF LV WKH GULYLQJ DFRXVWLF SUHVVXUH DQG WKH
WHUP 6 GHVFULEHV WKH HIIHFW RI HQFDSVXODWLRQ 1RWH WKDW LQ
PRGHUQ HQFDSVXODWLRQ PRGHOV VXFK DV >@ DQG >@ WKH
VXUIDFH WHQVLRQ WHUP LV LQFRUSRUDWHG LQWR WKH PRGHO
IRUPXODWLRQ 7KHUHIRUH ZH GR QRW LQFOXGH LW H[SOLFLWO\ LQ
(T
7KH VFDWWHUHG SUHVVXUH SURGXFHG E\ WKH EXEEOH LQ WKH
IDUILHOG ]RQH LH DW U !! 5 FDQ EH HYDOXDWHG IURP
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(TXDWLRQ  VKRZV WKDW IRUDEXEEOH EHLQJ LQFRQWDFW
ZLWKDZDOOWKHOLTXLGGHQVLW\JDLQVDGLPHQVLRQOHVVIDFWRUĲ
WKDWGHSHQGVRQWKHPHFKDQLFDOSURSHUWLHVRIWKHZDOO$VD
FRQVHTXHQFH WKHEXEEOH RVFLOODWHVDV LI LWZHUH LQD OLTXLG
ZLWKDQHIIHFWLYHGHQVLW\ȡHII Ĳȡ/'HSHQGLQJRQWKHZDOO




WKH UHVRQDQFH IUHTXHQF\ RI WKH VDPH EXEEOH LQ DQ
XQERXQGHGOLTXLG
,QWKH OLPLWLQJFDVHRID ULJLGZDOOȕĺİ DQG
(TJLYHVĲ )RU UHDOZDOOVYDOXHVRI Ĳ DUH
VPDOOHU $V DQ H[DPSOH OHW XV FRQVLGHU WKH ZDOO RI DQ
2SWL&HOO FKDPEHU 6XFK FKDPEHUV DUH ZLGHO\ XVHG LQ
H[SHULPHQWV RQ FRQWUDVW DJHQW PLFUREXEEOHV >@
2SWL&HOO FKDPEHUV KDYH SRO\VW\UHQH ZDOOV ZLWK WKH
IROORZLQJ PHFKDQLFDO SDUDPHWHUV ȡ:    NJP Ȁ  





KDYH EHHQ FDUULHG RXW E\ PHDQV RI WKH SURJUDP SDFNDJH





EXEEOH ZDV VLPXODWHG E\ WKH VKHOO PRGHO GHYHORSHG E\
0DUPRWWDQW HW DO >@ $ PRGLILFDWLRQ RI WKLV PRGHO
SURSRVHGE\2YHUYHOGHHWDO>@ZDVXVHG7KHYDOXHVRI
WKH VKHOO SDUDPHWHUV IRU WKH0DUPRWWDQWPRGHO ZHUH DOVR
DGRSWHGIURP>@VKHOOYLVFRVLW\ț6 îNJVVKHOO
HODVWLFLW\ Ȥ   1P DQG LQLWLDO VXUIDFH WHQVLRQ ı5  
 1P 7KHVH YDOXHV ZHUH REWDLQHG LQ >@ IRU WKH
SKRVSKROLSLGVKHOOHG FRQWUDVW DJHQW %5 7KH
HTXLOLEULXPJDVSUHVVXUHLQ(TZDVFDOFXODWHGDV3* 
3ı557KHEXEEOHUHVWLQJUDGLXVZDVVHWHTXDOWR
P7KH EXEEOHZDV LQVRQLILHGZLWK D F\FOH  N3D
*DXVVLDQSXOVHZLWKDFHQWHU IUHTXHQF\ LQ WKHUDQJH±
0+] 7KH SDUDPHWHUV RI WKH SXOVH FRUUHVSRQG WR WKH








)LJXUHD VKRZV UHVRQDQFH FXUYHV IRU WKH EXEEOH
UDGLDO RVFLOODWLRQ5PD[ GHQRWHV WKHPD[LPXPYDOXH RI WKH
EXEEOH UDGLXV5W GXULQJ WKH RVFLOODWLRQ 7KH GDVKHG OLQH
FRUUHVSRQGV WR WKH EXEEOH LQ DQ XQERXQGHG OLTXLG
)LJXUHE VKRZV UHVRQDQFH FXUYHV IRU WKH VFDWWHUHG
SUHVVXUHRIWKHEXEEOHLQWKHIDUILHOG]RQH3PD[VWDQGVIRU
WKH SHDNDPSOLWXGH RI WKH VFDWWHUHG SUHVVXUH FDOFXODWHG E\
(T DW U  P$V RQH FDQ VHH LQ)LJ FRQWDFW
ZLWKWKHULJLGZDOOGHFUHDVHVWKHUHVRQDQFHIUHTXHQF\RIWKH
EXEEOH DV FRPSDUHG WR LWV UHVRQDQFH IUHTXHQF\ LQ DQ
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XQERXQGHG OLTXLGZKHUHDV FRQWDFWZLWK WKH2SWL&HOOZDOO
LQFUHDVHV WKH UHVRQDQFH IUHTXHQF\ RI WKH EXEEOH 7KH
EXEEOHRVFLOODWLRQDPSOLWXGHFDQHLWKHUGHFUHDVHRULQFUHDVH




0+] FRQWDFW ZLWK WKH ULJLG ZDOO ZLOO LQFUHDVH WKH
RVFLOODWLRQ DPSOLWXGH RI WKH EXEEOH ZKHUHDV FRQWDFW ZLWK
WKH2SWL&HOOZDOOZLOOGHFUHDVHLW$W0+]WKHUHYHUVHLV
WUXH 7KHVH UHVXOWV VXJJHVW WKDW WKHPRGHO RI D ULJLGZDOO
DSSHDUV QRW WR EH DQ DGHTXDWH DSSUR[LPDWLRQ IRU ZDOOV









WKDW WKH EXEEOH LV LQVRQLILHGZLWK D F\FOH  N3D 
0+] *DXVVLDQ SXOVH ,W LV RI LQWHUHVW WR QRWH WKDW WKH




VSHFWUD RI WKH SUHVVXUHWLPH FXUYHV VKRZQ LQ)LJE DUH
SUHVHQWHG LQ )LJ 7KH VSHFWUD DUH QRUPDOL]HG WR WKH
PDJQLWXGH RI WKH IXQGDPHQWDO FRPSRQHQW RI WKH VSHFWUXP
IRU WKH EXEEOH LQ FRQWDFWZLWK WKHZDOO )LJXUH FRQILUPV
WKDWLQWKHFDVHEHLQJFRQVLGHUHGFRQWDFWZLWKWKH2SWL&HOO
ZDOO JLYHV ULVH WR D VWURQJ VHFRQG KDUPRQLF ZKLFK HYHQ
SUHGRPLQDWHV RYHU WKH IXQGDPHQWDO FRPSRQHQW 7KLV
DSSDUHQWO\ RFFXUV EHFDXVH FRQWDFWZLWK WKHZDOO VKLIWV WKH
EXEEOH UHVRQDQFH IUHTXHQF\ VR WKDW LW EHFRPHV FORVHU WR
WZLFH WKH GULYLQJ IUHTXHQF\ DQG KHQFH PRUH IDYRUDEOH
FRQGLWLRQVIRUWKHGHYHORSPHQWRIWKHVHFRQGKDUPRQLFDUH
FUHDWHG
,W LVZRUWKQRWLQJ WKDW(TFDQEHXVHGHYHQ LI WKH
PHFKDQLFDOSURSHUWLHVRIDZDOODUHXQNQRZQ,QWKLVFDVH
WKHYDOXHRIĲFDQEHHYDOXDWHGE\ILWWLQJVLPXODWHGUDGLXV
WLPH FXUYHV WR H[SHULPHQWDO GDWD 6HWWLQJ ILUVW Ĳ    DQG
ILWWLQJ WKH H[SHULPHQWDO UDGLXVWLPH FXUYH RI D FRQWUDVW
EXEEOH EHLQJ IDU DZD\ IURP D ZDOO LQ TXHVWLRQ RQH FDQ
HYDOXDWH WKH VKHOO SDUDPHWHUV RI WKLV EXEEOH 7KHQ ILWWLQJ
WKH H[SHULPHQWDO UDGLXVWLPH FXUYH RI WKH VDPH EXEEOH







$ 5D\OHLJK3OHVVHWOLNH HTXDWLRQ KDV EHHQ GHULYHG WKDW









FKDPEHUV XVHG LQ H[SHULPHQWV LI WKH DGMDFHQW OLTXLG LV
ZDWHU Ĳ    7KXV GHSHQGLQJ RQ WKH ZDOO
SURSHUWLHV Ĳ FDQ EH HLWKHU ODUJHU RU VPDOOHU WKDQ  7KLV
PHDQV WKDW WKH HIIHFWLYH GHQVLW\ FDQ EH HLWKHU KLJKHU RU





VKHOO SURSHUWLHV VLPLODU WR WKRVH XVHG LQ WKH 0DUPRWWDQW
VKHOOPRGHO7KHVLPXODWLRQVKDYHVKRZQWKDWFRQWDFWZLWK
WKH ULJLG ZDOO GHFUHDVHV WKH UHVRQDQFH IUHTXHQF\ RI WKH
EXEEOH DV FRPSDUHG WR LWV UHVRQDQFH IUHTXHQF\ LQ DQ
XQERXQGHG OLTXLGZKHUHDV FRQWDFWZLWK WKH2SWL&HOOZDOO
LQFUHDVHVWKHUHVRQDQFHIUHTXHQF\RIWKHEXEEOH,WKDVDOVR
EHHQ IRXQG WKDW WKH RVFLOODWLRQ DPSOLWXGH RI WKH EXEEOH
DWWDFKHGWRWKH2SWL&HOOZDOOFDQHLWKHUGHFUHDVHRULQFUHDVH
GHSHQGLQJ RQ WKH YDOXH RI WKH GULYLQJ IUHTXHQF\ 7KH
VLPXODWLRQV DOVR UHYHDOHG WKDW FRQWDFW ZLWK WKH ZDOO FDQ
FRQVLGHUDEO\ FKDQJH WKH LQWHQVLWLHV RI WKH IXQGDPHQWDO
FRPSRQHQWDQGWKHVHFRQGKDUPRQLFLQWKHVSHFWUXPRIWKH
EXEEOH VFDWWHUHG SUHVVXUH UHODWLYHO\ WR WKHLUPDJQLWXGHV LQ
DQXQERXQGHGOLTXLG
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,Q FORVLQJ LW VKRXOG EH QRWHG WKDW WKH SURSRVHG WKHRU\
LJQRUHV WKH YLVFRXV SURSHUWLHV RI WKH ZDOO DQG WKH
RFFXUUHQFH RI WUDQVYHUVH ZDYHV ,W LV QRW LPSUREDEOH WKDW
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